A PROOF OF ANDREWS' CONJECTURE ON PARTITIONS WITH NO 

SHORT SEQUENCES 



DANIEL M. KANE AND ROBERT C. RHOADES 

Abstract. Holroyd, Liggett, and Romik introduced the following probability model. Let 
C%, C2, ■ ■ ■ be independent events with probabilities P S (C„) = 1 — e~ ns under a probability 
measure P s with < s < 1. Let Ak be the event that there is no sequence of k consecutive 
Ci that do not occur. We given an asymptotic for P s (Ak) with a relative error term that 
goes to as s — > 0. This establishes a conjecture of Andrews. 



1. Introduction and Statement of Results 



Holroyd, Liggett, and Romik [10] introduced probability models whose properties are 
useful to the study of two dimensional cellular automata and integer partitions. Let < s < 1 
and Ci, C 2 , • ■ ■ be independent events with probabilities 

P s (C n ) := 1 - e~ ns 

under a probability measure P s . Let Ak be the event 

00 

A k = p| {d U C i+1 U ■ ■ • U C l+k -i) 

i=l 

that there is no sequence of k consecutive Cj values that do not occur. 

Andrews [2] exhibited a connection between P S (A 2 ) and one of Ramanujan's mock theta 
functions x(o)- Later Andrews, Eriksson, Petrov, and Romik [3] explained further connec- 
tions between this mock theta function and conditional probabilities in some probability 
spaces. No similar connections have been discovered for the other probability models. An- 
drews [2], using g-series identities, made the following conjecture. 

Conjecture 1.1. For each k > 2, there exists a positive constant Ck such that 

P s (A k ) ~ C k s~^ exp aS S ^ ° 

Using the connection with Ramanujan's mock theta functions Andrews [2] proved the case 
k = 2 with C 2 = Theorem 2 of Holroyd, Liggett, and Romik jTU] gives 

log(P s (A fc ))~-^ 

s 
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for all k. This was later strengthened by Bringmann and Mahlburg [6j, who showed that 

(Ajfc \ _ , . . 2k-l ( Ajfe 

— 7 ) <fc s ^ k > <fc s 2k exp I — 7 

We prove the following precise version of Andrews's Conjecture. 

Theorem 1.2. Andrews's conjecture is true with = -^P. More specifically, we have 

„ , . . _X ( 7T 2 ^ / _J_ 

P a (^k) = — r- s 2 ex P i i\ + s2fe+3 



3A;(A; + l)s 

This theorem is applicable to enumerating partitions with no fc-sequences. A partition 
A of n has a fc-sequence if there are k parts of consecutive sizes. Partitions with no k- 
sequences, and further restrictions on the parts that may occur, appear naturally in a number 
of partition problems. Perhaps the first instance is in MacMahon's volume [13]. He interprets 
the combinatorial significance of the Rogers- Ramanuj an identity 

(i.i) TT - = Y - 

as saying that the number of partitions of n into parts of the form 5n — 3 and 5n — 2 are 
equinumerous with the partitions of n into distinct parts with no 2-sequences and no part 
of size 1. 

Let Pk,r,>B{n) be the number of partitions of n with no fc-sequence, no part occurring more 
than r times, and no parts of size < B. For simplicity, write Pfc(n) = Pk,oo,o{n). Then ( II. ip 
is an identity for the generating function Y7^=oV2,i,>i{ n ) ( f l ■ We have the following partition 
identities equating generating functions and infinite products 



x>, 2 ,>iw<? n =n 

n=0 n=l 

oo oo 

n=0 n=l 

oo oo 

5^ 2 ,oo,>i(n)g n = \\ 

n=0 n=l 
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1 - g fe " 2 )(l - g 6 ™- 3 )(l - g 6 ™" 4 ) 
1 - g 6n - 3 ) 2 (l - q 6n ) 



1 



? 6n)(! _ ? 6n-2)( 1 _ g 6n-3)(! _ g 6n-4) 



The first identity is due to Andrews [TJ, the second identity is due to MacMahon [13] and the 
final identity is due to Andrews and Lewis [I]. In each of these cases, modular techniques 
can be applied to obtain exact formulas for the coefficients. 
Moreover, we have 



n=0 71=1 ^ 

where x{o) = S^Lo ^ Ilm=i i+q' im * s one °f Ramanujan's mock theta functions. Bring- 
mann and Mahlburg [5J use this connection with Ramanuj an's mock theta function and an 
extension of the circle method to prove a nearly exact formula for P2{n). 
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See the surveys of Ono [14j and p2] for more applications of mock theta functions. Also, 
see the work of Knopfmacher and Munagi [12J for similar constrained partition problems and 
connections with modular forms. 

While there appear to be many connections between partitions without sequences and 
modular and mock modular forms, the general case appears out of reach of modular tech- 
niques. The techniques of this paper can be applied to obtain asymptotics for Pk, r ,B(n) for 
any k,r and B. In particular, we have the following theorem for the asymptotic of Pk{n). 

Theorem 1.3. As n — > oo we have 




In the next section, we sketch the approach taken to proving Theorem 11.21 

2. The Approach 
In this section, we sketch the proof of Andrews's conjecture. 
2.1. Setup. Denote the generating function for pk{n) by 

oo 

Gk{q) ■= ^Pk{n)q n . 

n=0 

We let q = e~ s . In Section 4 of [10J it is shown that 

where G(q) = Y^=oP( n ) c L n = Yl^=i ana ^ P( n ) * s ^e number of partitions of n. Since 
precise asymptotics of G(q) are well known, namely 

G(q) = -^s- 1 * exp ( — - — + 0(s N ) 

for any N, determination of the asymptotics of Gk{q) is equivalent to the determination of 
the asymptotic of P S (A&). We prove the following theorem. 

Theorem 2.1. For each k > 2 we have 

G„(e-) = iexp ^ (l - j^y) + 0„ 
as s — > 0. 

Remark 2.2. A slight modification of the arguments presented establish Theorem \2. 1\ with 
an error that is o(l) for non-real s satisfying \^s{s)\ = o(3?(s)). 

Numerical calculations lead to the following conjecture for real s. 

Conjecture 2.3. For s real and s — > 

G k (e- S ) = 
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The results of Bringmann and Mahlburg |5] prove this in the case k = 2. This conjecture 
would imply that for k > 2 the generating function Gk{q) is not a usual modular form. 
Indeed, if Gk{q) is a half integral weight modular form or mixed mock modular form, we 
would expect an asymptotic expansion that contains only powers of s5. 



2.2. Method of Computation. We use a recursion to calculate the generating function 
Gk{q)- Let Gk,N{q) be the generating function for the number of partitions of n with parts 
< iV and no fc-sequence. For i = 0, 1, 2, • • • , k — 1 we define 



2.1 



vf(N) :- 



q 



A with parts <N 
no k consecutive parts 
A has parts of size N, N — 1 , • • • , N — i + 1 
A has no part of size N — i 



We have the following recursion 



v\{N) 



z(N) 
z(N) 





1 \ 








\ • • • z(N) / 
where z = z{n) := For convenience set 

/ 1 1 ... 



/ ^ fc (iV-l) \ 
v\{N - 1) 

\vU{N-l) ) 



(2.2) 



Therefore, we have 



m(n) := 



«(n) 
z(n) 





1 \ 







V ••• z(n) / 

N 

G KN {q)=vl{N) = e T 1 JJ m(n) ei 



ra=l 



where e x 



/ 1 \ 





. So we have G fe (g) = lim^oo G kjN {q). 



Our main idea for evaluating this quantity is as follows. If the m{n) were simultaneously 
diagonalizeable, the product would be easy to evaluate and Gk{q) would be approximately 
equal to the product of the largest eigenvalues. This is not the case, but fortunately, the 
eigenvectors of the m(n) vary slowly with n. We diagonalize each of the m(n) in order to 
approximate the matrix product in question. The main term in our approximation is equal 
to the product of the largest eigenvectors of the m(n), but we also have a correction term 
due to the changes in eigenbasis. 

We note that this technique is similar to the adiabatic approximation in quantum mechan- 
ics (see, for example, Chapter 10 of [9j). In each case, we are sequentially applying a sequence 
of slowly-varying matrices to a given initial vector (though in the adiabatic process, this is 



PARTITIONS WITH NO fc-SEQUENCE 



5 



done continuously rather than discretely). In each case, we write our vectors in terms of 
the (slowly changing) eigenbasis. The final outcome is approximated by taking the product 
(or integral) of the eigenvalues, with a correction term due to the change of basis (known as 
Berry's phase in the case of quantum mechanics). The justifications for this approximation 
are different, for while the adiabatic approximation holds due to cancelation of cross terms 
due to rapid oscillation, in our case the approximation holds because the contribution from 
the non-primary eigenvectors may be safely neglected 

For small n the main eigenvector is not a good approximation for the contribution to 
the generating function. In fact, the non-primary eigenvalues contribute to the asymptotic 
approximation. We may interpret this on the level of partitions. Fristedt's |5] proved that 
for large n the smallest parts of a partition are independent, while the large parts are related 
via a Markov process. Roughly speaking, the eigenvalues of m(n) encode the markovity. 
Therefore, we use a direct approximation to analyze the small parts of a partition without 
/c-sequences. 

We begin with some preliminary calculations of the matrices m(n) in Section [3j In Section 
HI we give a direct computation for the generating functions v k (N) for N of size s~'=+ T_e . 
In Section [U we calculate the contribution to Gk{q) from Y\. n >N m i n )- m Section [6l we 
estimate the product over the largest eigenvalues. In Section we deduce Theorem 12.11 and 
thus Theorem 11.21 In Section |H] we give the proof of Theorem 11.31 



In this section, we collect some results on the eigenvalues and diagonalization of the 
matrices m(n). In this section, k is fixed and s is assumed to be small. Errors are often 
written in big-0 notation. In almost all cases the constants depend on k. We often suppress 
this dependence inside of the proofs. 

Observe that the characteristic polynomial of jh^^in) is 



We begin by proving some basic results about the sizes of the eigenvalues of this polynomial 
when z is either very big or very small. 



Lemma 3.1. For z E R, let Aj be the roots of \ k — z 1 (\ k 1 + • • • A + l) = 0. Then for z 



where the Ui are the distinct k roots of unity. Furthermore, for z small one root satisfies 



3. Calculations on the Diagonalization of m(n) 



\ k - z{n)~ l (A*" 1 + • • • + A + 1) . 



large, 




z-\l + O k (z)) 



and all other roots satisfy 

Xi = + O k (z)), 
where the u>i here are distinct k th roots of unity other than 1. 
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Proof. For the first statement, note that we only need to show this for z ^> 1. We claim that 
p(X) = X k — z^ 1 (X^ 1 + . . . + 1) has a root within 0(z~ 2 l k ) of z~ l l k uj for every k th root of unity 
uo. This follows easily noting that p(z^ 1 ^ k tu) 

that \pW(z-V k u)\ = 0(>-M/ fe ). This gives A; = ^z 

follows from 



0( z ~(*+i)/fc) j 1^(^-1/^)1 = e( z -(^-i)/fe) and 
i ^1 + 0(2^)^. The stronger claim 



A 



-1 



1 + Xi + O 



For the later two claims, we note that it suffices to consider z < 1. For the second claim 
we note that bfV" 1 )! = 0(z~ k+1 ), = 9(z- fe+1 ) and \p^(z~ l )\ = 0(z- k+e ). For the 

final claim, note that if u; is a root of x fc_1 + . . . + 1 that \p{co)\ = 0(1), | jo 7 (co?) | = ©(z -1 ) and 
\p®(u)\ =0{z~ l ). □ 



Lemma 3.2. For every positive real z, the polynomial X k 
repeated roots. 



1 (A fe - x + --- + A + l) has 



110 



Proof. Note that if A is a double root of the characteristic polynomial then it satisfies x k+1 — 
(1 + z~ 1 )x k + z^ 1 = and it is a root of the derivative ((k + l)x — (1 + z~ l )k) x x . Since 
x = is clearly not a solution we have that the double root is A = k(l + z~ 1 )/(k + 1). On 
the other hand, it is clear from the form of the characteristic polynomial, that there is a 
unique, non- repeated positive real root. 

□ 



Definition 3.3. By Lemma [3.2[ the roots of A 



z\n) 



1 (A fc_1 + • • • + A + l) are distinct 



n G M + . By Lemma [3.1[ as s — > 0, the various eigenvalues are asymptotic to e * z 
let Xj(n) denote the root whose analytic continuation is asymptotic to e 2m ~ ~z~' 
Xi(n) is the unique positive real root of this polynomial. We note that Xj(n)z(n) are the 
eigenvalues of m(n) and we call Ai (n)z(n) the primary eigenvalue of the matrix m(n). 

Since there are no repeated roots of the characteristic polynomial of m(n) for each eigen- 

/ 1 \ 



for any n and s. Therefore, the eigenvalues can be analytically continued to functions of 

L We 
Thus 



value zXj = z(n)Xj(n) of m(n) we have the eigenvector V£ :- 



V 



. So we have 



(3.i; 



777,(72,) = A(n)D(n)A(nY l 



with 



(3.2) 



D = Din) 



( zX x 
zX 2 

V 



\ 




zX k J 
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and 



/ 1 1 ... 1 N 



A l 1 A 2 1 



(3.3) A = A(n) = 

\ Ar fe+i A 2 fc+i • • • A, fe+1 / 
Next we turn to the transition matrices A(n + 

Lemma 3.4. Let Aj = Aj(n + 1) and ^ = Xi(n), then A(n + 1) = (A* - *). . and A(n) 
(u]~*) . . and 

v J I i,j 

fJ'j — A m Xi 



(3.4) 



T{n) = (T(n)«) u := A(n + l)" 1 ^) = [U ( 



A« A m Hj 



where i indexes the row and j indexes the column of T(n) . 
Proof. Note 



Furthermore, 



(A(n + lr^Wf = A(n) T (A(n + l)" 1 ) r . 
/ a \ 



A(nf 



W-i/ 



where = a + aix + . . . + a^\x . Similarly. 

/ a \ 
A(n + If ^ 

W-l/ 

Therefore, the (i,j) entry of A(n + l) _1 A(n) is 

ejA(n) T (^(n+l)- 1 ) T e, 

where is the vector with a 1 in the ith position and zeroes in all others. This, in turn, is 
the value at Xj 1 of unique degree (k — 1) polynomial p(x) so that p(Xj r ) = 8^. Therefore, 

= n 



A — A~ 



Thus the entry is 



fC7')=n|^=n 



X rn 
Xi — X m 



□ 



We will require some lemmas when dealing with transition matrices. 
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Lemma 3.5. If Xi, ■■ ■ , A*, are the roots of X k — z~ 1 (X k ~ 1 + • • • + A + 1) = then we have 

\Xi — Xj\ \Xj \ . 

Proof. By Lemma [3. II for \z\ ^> 1, the Xi are proportional to distinct k th roots of unity, and 
thus the result follows for z > C for some constant C . 

By Lemma [XT] for \z\ <C 1, all but Ai, are near distinct k th roots of unity, and Ai is roughly 
z" 1 . Thus if i — 1 or j — 1, then |A« — Aj| ^> z' 1 ^> |A 3 -|. Otherwise, |Aj — Aj| ^> 1 ^> |Aj|. 
Thus the result holds for z < c for some constant c. 

For c < z < C, we note that is a continuous function of z, and thus has some 

absolute upper bound. Thus the Lemma holds in this range as well. □ 

Lemma 3.6. In the notation of Lemma \3.J\ for any i and n we have — Aj| = Ofc(|Aj|(s + 
n~ 1 )). Moreover, we have 

d ( 1\ d 2 ( 1 

— X x {z) < Ai(s) ( ! + -) ^ A i(^> < M- 2 ) ( 1 + - 

Proof. The first result follows from the claim that 

aio g (A^)) 

az 

This follows from the above bounds on Aj and the identity 
f35) d X(z)- z- 2 (Xr + ... + l) 

In particular, the above allows us to check our claim for z>l and for z <C 1. As in Lemma 
13. 5[ the claim follows for intermediate z by a compactness argument. The bound on the 
second derivative follows similarly. We note that by differentiating X k+1 — X\ — z~ l [X\ — l) = 
we have the identity 

((k + ^Xl-kXt'-z-'kXt 1 )^ 

(3.6) =2z- 3 (X k - 1) - . 2z- 2 kXt 1 

az 

^ 2 ((Jfc + lJifcA*" 1 - k(k - 1)(1 + ^)AH 

□ 

Lemma 3.7. In £/ie notation of Lemma \3.4\ for j ^ m 

f^i X m Xj 



Xj X m 

is bounded by some constant depending only on k. 

Proof. This lemma follows from Lemmas 13.51 and 13.61 In particular, in the case when neither 
i nor j is 1 then 

\Xj — A m | 3> |A m | ^> \Hi — A m | . 



Thus 



is bounded above as is 
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If i — 1, the quantity in question is 

O 



i-'-i 



Xj — X Ti 



0(1). 



Similarly, the result follows for j = 1. 



□ 



Proposition 3.8. The transition matrix A{n + 1) 1 A(n) = Ik + Ok (s + -) where Ik is the 
k x k identity matrix. 

Proof. We claim that 

T{nr = [A(n + 1)-U(n)] i|4 = T^T " ~ = *U + 0{s + n~ l ). 

A; — A r 



rn=£i 



If i 7^ j, by Lemma [3.61 the m = j term of the product is 

A,- 



N Xj .^ = 0(s + n- 1 )- 



Ois + n- 1 ). 



Aj — Xj fij Aj — Xj 

and the remaining terms are 0(1) by Lemma [3171 This proves our bound for the off-diagonal 
coefficients. 

For i — j, by Lemma [3.61 each m-term in the above product equals 

A -- A - H -°^ + ' rl > |A 'Li + 0(3 + n - 1) . 

Aj — A m 

Taking a product over m yields 1 + 0(s + ^ _1 ), which proves our claim. □ 

We conclude this section with one additional lemma dealing with the ratio of eigenvalues. 

Lemma 3.9. If i 7^ 1 and ns <C 1 then 

|Aj(n)| 
|Ai(n)| 



< exp I —c(ns) k 



for some positive constant c. 

Proof. This follows easily from the first case of Lemma 13.11 Namely, for % 7^ 1 

exp(— n(z*)) = exp(— Q((ns)^)). 



[Ail 



4. Calculations of the early matrices 
In this section, we construct an approximation for the vector 

N 



□ 



with s~ 1/2 > N > s t ' 1 ' 



V(N) := (y a (N)) k a Zl = 
log(s" 



n=l 



fc+l 
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Theorem 4.1. Assume that k \ N for some integer N with s k + 2 > N and N greater than 
a sufficiently large multiple of s~~ logf^ 1 ) ~ , then 



k + 2 



v a {N) = (siV)~s _JV V e~£ — exp (s^N^{k + l)" 1 + O k ( sN 2 + s%N^ 



Before proving Theorem 14.11 we introduce some notation. Each entry of the vector is the 
generating function for the number of partitions with no fc-sequence, no parts larger than 
N, and the largest missing part size is —a (mod k). In this section we use the phrase "run" 
to refer to the gap between missing parts. Given a partition A with parts of size at most N 
and no /c-sequence, we let 

£ = £(\) = (k ~ "length of run"). 

"runs" 

It is clear that I < (k — 1)N. Note that the length of the run must be less than k and that 
£ = a (mod k). Let rij = nj(\) be the parts not appearing in A satisfying 



< Til < U2 < 



<n [ N±i i . 



We have 



rij = kj — (k — "length of run" 



"runs" before n, 



We let {tj} be the shortenings of the runs. Namely, the length of the run before is equal 
to 

k - \{j ■ tj = 01 

and we have 



(4.1) 

So we have 



n, 



ki-Hj-.tj <i}\. 



o < h < t 2 < ■ ■ ■ < t e < 



N + 
k 



M 



N 



N + 



Note that a sequence of missing parts {nj} determines the sequence {tj} and vice versa. We 
set 

So we have 
(4.2) 



N £-a 
J + k ' 



v a (N):=l[z(n). £ ^ 

n=l £=a (mod k) ti<—<t e i 



-1 



where the sum on £ runs over £ < (k — 1)N. For now we ignore the term Yl n=1 z(n) as this 
term can be dealt with separately. The idea for analyzing the remaining sum is that for 
N about this size runs are likely to be of size k — 1 or k — 2. One might interpret this as 
saying that all the smallest parts want to appear subject to the constraint that every /cth 
part cannot appear. This agrees with Fristedt's probabilistic model. 
Next we give a lemma which says we can ignore large £ values. 
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E E U^r 1 - (sn)^). 



£=a (mod k) *1<— <*« i 

2keN h T 1 s i <l<(k-l)N 



Proof. We note that 

i i 

The number of choices for t's is < { < (*/ )• Thus 

ti<-<ti i V V / / 

Noting that 



< 



this is at most 



1 k 

We note that if N is at least a sufficiently large multiple of log(s _1 ) s+r, then 2 = 0(s 3 ). 
Summing on £, yields the result. □ 



Proof of Theorem \4-l\ We apply Lemma fl~2l to the summation in ( 14.2ft and, unless otherwise 
stated, in the remainder of this proof we assume the sum on £ is truncated by £ < 2keN~k~ 
at a cost of a negligible error. 

We will use the following calculations throughout the proof. We have zin)^ 1 = - = |-, but 

q n = e~ ns , so 1 — q n = ns (1 + O (ns)). Moreover, Y\l ni = e~^ niS but s 2~2 n i < N 2 s <C 1 
by construction. Therefore we have 

n = n n *< i + °^ i s D) = sM n ^ ■ ^ + °(^ 2 ))- 

i i 

Recall that 



(4.3) m = ki- \{j : < i}| = £;zexp - ' lJ ' / = J ' + O . 

ki V r 
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So the sum becomes 



E E IM'xr 1 

£=a (mod fc) ti<—<tt i 



e e n-p ( - e I- + o (Pi ) (i + o<^ 2 )) 

a (mod fc) t 1 <---<t l j \ i>tj ^ 

E < £-p(-£*(£W9' 

fea (mod fc) ' \ i=l Vj/ . 



X 
J 



H(l + \^<j:t l = t J }\){l + 0(sN 2 )) 

j 

E M"^(/ 1 rf^*)*)'(i + (^ + .iV 



fea (mod fc) 



■ M\M e 



fea (mod fc) V/U \ \ ///\ \ 

fea (mod fc) V ' 

where we use that 5 < ^r^e. The third line is obtained by removing the ordering on the tj's. 
The product ^ FJ . (1 + |{i < j : ti = tj}\) accounts for the introduced over-counting. The 
fourth line is obtained by approximating the sum over tj (once ti has been fixed for i < j) 
of tj k (1 + |{z < j : ti = tj}\) by j t x l k dt. Additionally, in the fifth line we note that term 
O (jjn) is always negative, see (14. 3p . 

Applying Stirling's approximation to Ml, and suppressing the errors, we see that the above 
is equal to 



_ (J v_ o) ) ^ 2T _ £ (_) (w + / _ o) «.j +i 

=a (mod fc) 



JV-n i 1 



/ JV-a /s\! { N + £ - a\~*~~ r * ,„ „ ^(h±i\ 1 / 1 



N-a 



s{N-a)\~^ L N-a ( 1 i, Ar ^ A ^^V 1 

£=a (mod fc) V V \ / / / 



s(N - a)\ k I N-a ( 1 i., T . m-A 1 \ /. ^/ 2 fc +2 

i=a (mod fc) V 7 



JV-a 



where we have used ( "^yl ° ) fc =(l + ^) fc = e* times a negligible error. 

Extending the sum to a sum over all £ rather than those with £ < 2kes^ N~^~ introduces a 
negligible error. The completed sum over £ is the sum over every k-th term of an exponential. 
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Thus, suppressing the above error terms, we have 



l=a (mod k) 

= k 



£ (aV-a^CJb + l)- 1 )^ 

I £ Cfexp(^(iV-a)^(A; + l)- 1 C 

t (mod A;) 

^exp (s*N h &(k+ l)" 1 ) (l + o((sN)* 



2k{k + 1] 



where we have approximated N — a by N. 
To finish the proof of the theorem we use 

N N 

TT z (n) = Uisn)- 1 (1 + Ob)) = ^—(1 + (N 2 s)) = C - (1 + (N 2 s)) 

□ 



s~ N „„„„ e N 



Before concluding this section we give a comparison between Vq(N) and the eigenvectors 

rp 

of m(N). We let V£ be the eigenvector ( 1 A^iV)^ 1 ••• \i(N)~ h+1 ) of m{n) corre- 
sponding to the eigenvalue Xi(n)z(n). 

Proposition 4.3. In the notation above, with Vfa = ( 1 Aj(iV) _1 ••• Aj(iV)~ fc+1 ) T we 
have 

V(N) = (Ns)- N ^e-T^ex P ^N^(k + l)- 1 + 0(sN 2 + s 1 *N h ¥^Vh 

i>l 

where 

C l N « {Ns)- Nk -^e-T exp (s*N*P(k + l)" 1 ) O (W 2 + S !jV^ 

Proof. Since the eigenvectors, form a basis, there exist so that V(N) = Yli>i ^n^n- 
Applying Theorem I4.1[ we have that 

v a (N) = v Q (N)(sN)-* (l + O + sN : 

By Lemma [3. II we have that 

Xj(N) = e 27ri ^(siV)£(l + 0((sN)*)). 



Therefore, we have that for < a < k — 1, 

k 



v (N) (l + O (siN^ + S N 2 ^ = s ^e- 2 -^ R {l + 0{sN)l)C i N . 

i=i 
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27vicb(j 1) 2 

In other words if B is the matrix with (a, j) entry e , then B + 0(sN)k times the vec- 

tor of C l N equals a vector whose entries are Vq(N) ^1 + + sN 2 ^ . Noting that the 

inverse of B+0(sN)i is B~ 1 +0(sN)i this implies that C l N = v (N) (l + O [s^N 1 ^ + sN [ 

and C l N = v (N)O (s^N^ + sN 2 ^j for i > 1. This proves our Proposition. □ 

Finally, the next proposition compares Vq(N) to the product of the eigenvalues. 
Proposition 4.4. In the notation above, 

= ^-rr exp ( ^ log(iV) + O UN*¥ + sN A ) . 

Proof. By Lemma 13.11 we see that the product of the first N primary eigenvalues is 

N N i ( 1 %\ 

I J Xi(n)z(n) = Y[(ns)^ (l + -{ns)^ + 0(ns)^ j • (ns)" 1 (1 + O(ns)) 

n=l n=l ^ ' 

iV h-i / 1 i 2 \ 

= n^ s ) ^ ( 1 + + j 

n=l ^ ' 

fe-l k-l AT ( S~k l+k „ /. . l\ 

=(JV!)-T" s~s- ^exp I ^-^iV— + O ^(siV)*J 

= (2vr)-^ 1 (iV S )- iV Ve JV ( 1 -i) 

(fc — 1 . . 1 i fc+i / , . i" 
^- log(iV) + j-^s'N— + O [{sN)k 

Theorem 14. II gives the result. □ 



5. After the run-up 



In the previous section, we computed V(N) = Yl n=1 m(n)ei. In this section, we evaluate 

oo 

G k (q) = ef II m ^ ^ 



n=N 



We have the following proposition which shows that we only need to consider the eigenvalues 
and the first entry in each of the transition matrices. 



Theorem 5.1. In the notation from Lemma \3.J\ for N an integer bigger than a sufficiently 

1 k 

large multiple of log(s _1 ) s+i we have 

oo oo 

G k (q) = Ai(n)z(n) • ^n) 1 * 1 • ^o(iV) • (l + O (s + N^s^)) . 

n=N n=N 

In order to prove Theorem 15.11 we will need the following lemma. 
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Lemma 5.2. Let w(n) := A(n) _1 Yl7=l i 71 ^)^- Then for n bigger than a sufficiently large 
multiple of s fe +! log(s jw, we /iawe that for i ^ 1 i/iai 

|if(n)j| < 0(n~~^~ s^fe + s)|w(n)i|. 

Proof of Lemma \5. 2 . The proof is by induction on n. Proposition 14.31 makes this result clear 
for n at the lowest end of the permissible range. The basic idea here is that 

w(n + 1) = T(n)D(n)w(n). 

Now since |Ai(n)| > |Aj(n)|, multiplication by D(n) increases the ratio of the first entry 
relative to the other entries. Since T{n) is approximately J, multiplication by T(n) does not 
worsen this ratio by too much. 

We begin by proving our claim for ns <C 1. Letting 

(5.1) u(n) := D{n)w{n) 

and applying Lemma 13. 1[ we have that 

f^<f^d-%)i)). 

\u[n)i\ \w[n)i\ 

Next, since T(n) = 1^ + OirT x \ and since < k\u(n)i\, we have that 

\w(n + 1)A 



\w(n + l)i| 



(- 


w(n)i 


■) 




w(n)i 





k+l 1 . 



Induction on n gives 

|w(n)j| < 0{n~~^~ s~*)\w(n)i\ 
for all n <C s -1 . 

The argument for ns ^> 1 is similar. It should be noted that in this range that )M n H is 

to to |Ai [n)\ 

bounded above by some constant less than 1 (say by 1 — e). Therefore, we have that 

Hn + lU _ 0(s)+ (\vfK\ (1 _ £) _ 



\w(n + l)i| V \ w ( n )i 

From this, it is easy to conclude by induction that |u>(n)j| = 0(s)\w(n)i\. □ 

Remark 5.3. It should be noted that the bound in Lemma \5.2\ is not tight for small n (a 
stronger bound is given in Proposition The bound of n~~ s~k would be tight given our 
analysis if all we use is that T(n) 1,i = 0{n~ l ) and that N£H = 1 - 0((ns)i). In order to 
obtain a tighter analysis, one can note that the T(n) lj are roughly constant in n and that ^ 
is roughly tu l , where u is a primitive kth root of unity. By our previous analysis, Wl ^~\l\ is 

approximately fT(n) 1 ' 1 + ( j^^ Y) ■ Approximating each ^ by u/(l — (ns)%) and each 

T(n) 1 '* by a constant of order n^ 1 , we note that resulting recurrence leads to terms of size 
0(n~ l ) due to cancelation that is not captured in our analysis. 

We are now prepared to prove Proposition 15.11 
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Proof of Theorem \5.1[ We claim that 

w(n + l)i = w{n)\X\{n)z{n)T{n) 1,x {l + 0(min(n~ 2 ^s~^, s 2 z(n)))). 
Or equivalently (since u(n)i = \i(n)z(n)w(n)x) that 

w(n + l)i = u(n)iT{n) l ' l {\ + 0(min(n ^~s~ k , s 2 z{n)))). 

It is clear that 

w(n + l)i = T{n) l ^u{n)j 
j 

Hence we need to show 

,1 ; \u(n)n \\ , 2fc+l 1 9 , xxx 

T H • x = 0(min(n — ~ + s, sVn))). 
\u(n)i\J 

If ns <C 1, this follows since T(n) lj <C rC 1 , and < = 0(n _i TT"s _1 ). Otherwise, 

' \ ' ' |«(n)i| — |u;(n)i| \ ' ' 

this follows from noting that T(n) lj <C s and 

Hn)j\ f\Xj(n)\\ (\w(n)j\ 



u(n)i\ \\Xi(n)\J \\ w ( n )i 



0(z(n)s). 



This proves the claim. 
Therefore we have that 

00 / / 00 

lim w(n)i — j J \(n)z(n)T(n) 1,1 ■ exp | O I min(n ~s~fc ; s 2 z(n)) 

X n=A r +l \ \n=N+l 

The sum in the error term is at most 

Is- 1 } 

E_2fc+1 _1 \ 2 

n k s k + ^> s z(n). 

n=N+l n=Ls- 1 J 

The first term is O (n £~s~ij and the latter term is O (s 2 Xl^Li e ~ ns ) — O(s). □ 

The following theorem is enough to deduce Theorem 12.11 and thus Theorem 11.21 
Theorem 5.4. With N as above we have 

Y[ Tin) 1 ' 1 = kS exp f ^— log (Ns) + O ((Ns)* + iV" 1 + s ) J . 

Proof. Throughout this proof we use the notation of Lemma 13.41 and often suppress the 
dependence on n. We have 

T{n - l) 1 ' 1 = TT ^— ^ ■ - 

and 

//i(n) = Ai(n - 1) = Ai(n) - Ai(n) + 0(A'/(n)) 
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where A^(n) = 7?-Ai(n). Therefore, 



dn ' 

A*i — A m Ai , / 1 1 \ / / A" /A^ 



^ 1 + Ai ( -i) 

il \ Ai — A m Ai / 



o k 



Ai — A m /ii \Ai — A m Ai / \ \ Ai \Ai 

Hence, 



To estimate the big-0 term for ns C 1 we use (13. 5p and (13. 6p and Lemma 13.11 to obtain 
1 d\ l _ 1 <9Ai _ v _ 2 ns „fl 



s——^-z(nYe ns = 



\\ dn \\ dz \n 

1 9 2 Ax s 2 e 2ns /d 2 A x , N4 9Ai 



z{nf + V 1 ■ -z(n) = 



Ai <9n 2 Ai \ dz 2 dz J \n 2 

For ns > 1 we use Lemma [3.61 to obtain 



Ai dn v Ai <9n 2 

Therefore 

n > - ^ (ve - 1)) ^ (| (1) t oL|, 



exp I I — + s 



Let P(A, z) := A fc - z- 1 (A^ 1 + • • • + A + l) . We have 
(5-2) 2 £ -J— = |^4| a=Ai =: ifc(Ai). 

Therefore, 

00 oo 

1 J T(n) 1 ' 1 = J] T(n - l) 1 ^! + O^ 1 + s)) 



n=N n=N 



ex P f"E Q A U^(AiW)-(A;-l)^|) 



+ O (iV" 1 + s) 



We apply Euler-MacLaurin to approximate the sum by an integral. The error from the terms 
M n | introduces an error of size 

Ai(n) 
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as above. Thus, we have 

f[ T(n) 1 ' 1 =exp (- QA' 1 (a;) J R fc (A 1 (x)) - (k - dx + O (N' 1 + s) 



OC 



Rk(x) k — 1 



exp - / - ^—^dx + O (N- 1 + s) 



Ai(JV) 2 X 

In order to evaluate the integral J Rk(x)dx, we let a(A) = X k and fe(A) = A fe_1 + • • ■ + 1. We 
then have that z~ l = ttt4. Therefore, 

a"(A) - g^(A) a"(A)&(A)-a(A)fr"(A) d 
MX) = a>(X) - z-W(\) = a>(X)b(X)-a(X)b>(X) = dX l0g(a (A)&(A) " ^ (A)) ' 
Letting 

Q(A) := a'(A)6(A) - a(A)6'(A) 

= jfeA^^A* -1 + ■ • • + 1) - A fe ((A; - l)\ k - 2 + • ■ ■ + 1) 
= A 2fc - 2 + 2A 2fc " 3 + --- + A;A /c - 1 , 

we have that 

We note that for A > 1 that C?(A)A~ 2fc+2 = 1 + 0(A _1 ), and therefore, 

lim log (Q(A)A~ 2fc+2 ) = 0. 

A— >oo 

For A < 1, we have that Q(A)A~ 2fc+2 = £;A- fc+1 (l + 0(A)). Therefore 

f[ Tin) 1 ' 1 = exp (\ log (k\ 1 (N)- k+1 {l + 0(X 1 (N)))) + O (AT 1 + s)) . 

n=N \ Z ' 

By Lemma [3.1 [ we have 



oo / 7 1 1 \ 

n TW 1 ' 1 = exp ( — log (Ax(iV)) + - log(fc) + O ((tfa)* + N' 1 + s) 

i=N ^ ' 

= exp ("^log (Ns) + ^hg(k) - ^(Ns)* + O ((iVs)* + iV" 1 + s^j . 

□ 

In the next section, we analyze the product of the primary eigenvalues. 

6. The Product of the Primary Eigenvalues 
In this section, we estimate 

JjA x (n)z(n) = exp ( ]T log(Ai(n)) + log ( q _ \ 

n=l \n=l ^ ^ ' 
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Theorem 6.1. In the notation above we have 

J> (*(„)«„)) 4 s (l - ^) + (^i) log( S ) - (^i) .og(2.) + O k (si 

We start with the following lemma which closely resembles Euler-MacLaurin summation. 
Lemma 6.2. For suitable functions h and n > 1 we have 

r n +\ r n +h ( \\ 

h(n) = / h(z)dz — / h!(x) I [x] — x H — dx 

Jn-i Jn-\ V 2 J 

n +\ i r n +\ ( A 2 

h(z)dz / h"(x) I [x] — x H — J c?x 

-| 2 in-i V / 

where [x] denotes the integer part ofx. 

Proof. To see this note that for any function h(z) we have 

h(z) — h(n) + h'{n)(z — n) + / h"(x)(z — x)dx. 



Integrating from n — | to n + ~ gives the second result. Integration by parts on each interval 
[n,n + |] and [n — 1/2, n] gives the result first result. □ 

Define the function /fc(e _2 ) to be the increasing function satisfying 

(6.1) /*(e- x ) fe+1 - .Me-*)* = e-*( fc+1 ) - e"** 

Since Ai(n) fc = z(n)" 1 (Ai(n) fe_1 + ■ ■ • Ai(n) + l), multiplying by Ai(n) — 1 we have Ai(n) fc+1 — 
A!(n) fc = z(n)- 1 (X 1 (n) h - 1) = g~ n Af - g~ n — + 1. Therefore f k (e- ns ) = Ai(n)g n . 

Remark 6.3. This function fk{e~ x ), o,nd certain generalizations, are studied in |10| . 



Proof of Theorem \6.1[ The modularity of the Dedekind ^-function gives 
(6-2) lo S C 1 = ^ + 2 log ^ - 2 l0g(27F) " YA + 0( ' M) 

n=l 

for any M > 0. Additionally, by Lemma [6.21 we have 

£ lo S C 1 ~ ?") = / log(l-e- M )tfc- / 2 log(l-e- M )<fe-s / ^ ( [re] - rr + - ) dx. 

Noting that J °° log(l — e~ xs )dx = || and J Q 5 log(l — e~ xs )dx = \ log(s) + log(x)c?x + 0(s) 
we may conclude that 

p /"OO g-XS / l\ 1 

(6.3) -J \og{x)dx-sJ^ - _ ^_ xs \ \x\-x + -jdx = - log(2?r) + 0{s). 

Following the notation of Section 3 of [6J we define 

(6.4) g k (xs) = -\og(f k (e- xs )). 
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By Lemma [6.21 

roc /-i roo / j\ 

(6.5) y Jkjns) = J g k (xs)dx-J g k (xs)dx-sj^ g k (xs) \[x\ - x + -J dx. 

Theorem 1 of [10] gives J °° g k {xs)dx = ^ 3k ^ k+1 y Lemma [3.11 gives that for sx <^ 1 

g k {xs) = - log (f k (e- xs )) = ~ log(xs) + ^M* + O ((xs)*) 
Therefore, we have 

i i 

(6.6) —J g k (xs)dx — — log(s) — ~ J \og{x)dx + O ^s* j . 

Let M = [s ~^J. Then we have 



2 

OO 



/■oo 

(6.7) <s / g"(w)dw < M _1 < 

./Ms 

where we use g'(Ms) = O k (^) (see, for instance, Lemma 3.1 of |6]). 

To estimate the integral of g' k from | to M + | we take the logarithmic derivative of 
fk(e~ w ) k+1 - f k (e~ w ) k = e - w{k+ ^ - e~ wk to obtain 



fce-™-l fc 1 - / fc (e- 

Therefore 

M+i / j\ g /-M+i e -xs / | 



£(xs) ( [x] - x + - J dx = - - / - _ — l[x]-x+-)dx 



2 



Observe that we have 



2 e xs ( , , 1 



[x] — a; H — 1 g?x 



1 - e- M V L 2 



OO Q~ XS ( \\ f 00 C~ XS ( 1 



[x] — x + - 1 — / 2 — I [x] — x + - I dx 



1 - e~ xs V 1 2 J J M+ i 1 - e~ xs V 2 

x ( i ^ J s /"°° A i 1\ 2 j 

[x] - x + - \dx + - / — — - [x] - x + - dx 



1 - e- xs V 2 J 2 7 M+i (1 - e~ xs ) 2 \ l J 2 



00 e~ xs (, , 1 



(6.9) =/ - — — ( [x] -x+ - ) cfe + 0(se' 



2 
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Additionally, integrating by parts we obtain 



e ~ xs f!(e~ xs ) M +h 1 / 
(6.10) «-^ffe4L + 



1 " Me' 



k 



where we have used that monotonicity of log(l — fk{w)) and f' k {z) = O (^z 1 ^ j for z near 0. 
Returning to (16. 5p and using (16. 3 p and (l6.7p -f l6TTU|) 



i rK , . . r 00 , , , ( r , i 



^ log(x)dx - s ^ ^(a;s) ^ [rr] - x + - ) dx 




log(x)dx - s I - 6 ([x]-x + -)dx)+o(ai + M 1 j 
log(27r) + 0{s } > 



i 

ifc 

2A; 



Finally, this together with (16.51) and (16. 6p gives the result. □ 

7. Proof of Theorem 12.11 
In this section, we prove Theorem 12.11 and thus Theorem 11.21 

Proof of Theorem \2.1[ We have G k {q) = e f H^Ltv+i m ( n ) ' n^=i m ( n ) e i- ^ f°H° ws from 
Theorem 15.11 Proposition 14.41 and Theorems 15.41 and 16.11 that for appropriate N, 

1 ( 7T 2 2 \ „ / . . fe+1 1 9 2 fc+2 



G k {e- S ) =^exp ^— ^1- A , (fc + r ) + O (iV"~ +sN 2 + s*N— + N' 1 



Setting N 



3 

S 2fc+3 



yields the result. □ 
8. Proof of Theorem 11.31 



In this section we apply a result of Ingham |11| to deduce the asymptotics for p k {n) from 
the asymptotics of G k {q) as q — > 1. In particular, we have the following result which is a 
special case of Theorem 1 of [11] and is given as Theorem 4.1 of [7J. 

Theorem 8.1 (Ingham). Let f(z) = Y^=o a ( n ) zTl ^ e a P ower series with real nonnegative 
coefficients and radius of convergence equal to 1. If there exists A > 0, X, a G R such that 

/(^)~A(-log(z)rexp / 1 



log (z) 
as z — > l~ , then 

Efl(m) ~ — = r exp ( 2vAn 

m=0 

as n — >■ oo. 
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Proof of Theorem \1.3[ By Lemma 10 of pH] (1 — q)Gk(q) = Yl^Lo(Pk( n ) ~ Pk(n — l))q n has 
nonnegative coefficients. Applying Theorems 12.11 and 18.11 gives the result. □ 
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